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PROJECTIVE VARIETIES OF MAXIMAL SECTIONAL REGULARITY 


MARKUS BRODMANN, WANSEOK LEE, EUISUNG PARK, PETER SCHENZEL 


Abstract. We study projective varieties V C P'’ of dimension n > 2, of codimension 
c > 3 and of degree d > c + 3 that are of maximal sectional regularity, i.e. varieties 
for which the Castelnuovo-Mumford regularity reg(C) of a general linear curve section is 
equal to d — c + 1, the maximal possible value (see uni). As one of the main results we 
classify all varieties of maximal sectional regularity. If is a variety of maximal sectional 
regularity, then either (a) it is a divisor on a rational normal {n+ l)-fold scroll Y C P"+3 
or else (b) there is an n-dimensional linear subspace F C P'’ such that AT n F C F is a 
hypersurface of degree d — c + 1. Moreover, suppose that n = 2 or the characteristic 
of the ground field is zero. Then in case (b) we obtain a precise description of AT as a 
birational linear projection of a rational normal n-fold scroll. 


1. Introduction 

Let A C be a nondegenerate irreducible projective variety of dimension n, codimension 
c > 1 and degree d over an algebraically closed field k. D. Mumford[T5] has defined X to 
be m-regular if its ideal sheaf Xx satishes the following vanishing condition 

H\¥\Xx{m - i)) = 0 for all i > 1. 

The m-regularity condition implies the (m + l)-regularity condition, so that one dehnes 
the Castelnuovo-Mumford regularity reg(A) of X as the least integer m such that X is 
m-regular. It is well known that if X is m-regular then its homogeneous ideal is generated 
by forms of degree < m. This algebraic implication of m-regularity has an elementary 
geometric consequence that any (m -|- l)-secant line to X should be contained in X. We 
say that a linear space L C P’’ is fc-secant to X if 

length(X n L) := dimk(C>pr/Xx -b Xp) > k. 

A well known conjecture due to Eisenbud and Goto (see m) says that 

(1.1) reg(X) < d — c-b 1. 

Obviously this conjecture implies the following conjecture 

(1.2) X has no proper Usecant line iffc>d — c-bl. 

So far the conjecture (1.1) has been proved only for irreducible but not necessarily 
smooth curves by Gruson-Lazarsfeld-PeskinejlUj and for smooth complex surfaces by H. 
Pinkham[2n| and R. Lazarsfeld[T3]. Moreover, in [TU] the curves in P^ whose regularity 
takes the maximally possible value d — r -b 2 are completely classihed: they are either 
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of degree < r + 1 or else smooth rational curves having a {d — r + 2)-secant line. The 
statement (1.2) is known to be true when X is locally Cohen-Macaulay (see Theorem 1 
in ini)- But it is still unknown for arbitrary varieties. 

The main subject of the present paper is to study the geometry of proper (d — c + 1)- 
secant lines to a projective variety. To this aim, we investigate the extremal secant locus 
S(X) of X, that is, the closure of the set of all proper (d — c+ l)-secant lines to X in the 
Grassmannian G(1,P^). Of course, if the extremal secant locus of X is nonempty then 
its regularity is at least d — c + 1 and so such a variety will play an important role in the 
natural problem of classifying all extremal varieties with respect to the above regularity 
conjecture. For d > c + 3, Gruson-Lazarsfeld-Peskine’s result in [10] provides a complete 
classification of curves having a (d — c + l)-secant line. They should be smooth and 
rational. M. A. Bertin[T] generalizes this result to higher dimensional smooth varieties. 
She proves the conjecture (1.1) for smooth rational scrolls - which is reproved in [13] - 
and shows that if X is a smooth variety having a (d — c + l)-secant line then it should 
be the linear regular projection of a smooth rational normal scroll. Later, A. Noma[T7] 
obtains a very nice description of those smooth rational scrolls. 

In Theorem 13.41 we show that if c > 3 and d > c + 3, then the dimension of F1(X) is 
at most 2n — 2 and the equality is attained if and only if a general linear curve section 
of X has the maximal Gastelnuovo-Mumford regularity d — c + 1. We will say that X is 
a variety of maximal sectional regularity if its general linear curve section is of maximal 
regularity (cf. [1]). 

To complete the result starting with Theorem 13.41 it is natural to ask for a classification 
of all varieties of maximal sectional regularity. This is the contents of Theorem 16.31 and 
Theorem 17.11 More precisely, for c > 3 and d > c + 3 we obtain a classification of surfaces 
of maximal sectional regularity in Theorem 16.31 and a classification of higher dimensional 
varieties of maximal sectional regularity in Theorem 17.11 It turns out that X C P*” is 
variety of maximal sectional regularity if and only if it is one of the followings: 

(a) c = 3 and X is a divisor of the (n + l)-fold scroll Y = S{ 0,..., 0 ,1,1,1) C 


(n—2)—times 


such that X is linearly equivalent to id + (d — 3)F, where H is the hyperplane 
divisor of Y and F <zY is a linear subspace of dimension n; 

(b) There exists an n-dimensional linear subspace F C P*” such that X fl F in F is a 
hypersurface of degree d — c + 1. 

In particular, there exist varieties X C P'’ of maximal sectional regularity of dimension n, 
of codimension c and of degree d for any given [n, c, d) with n > 2, c > 3 and d > c + 3. 
Furthermore, assume that char(k) = 0 or n = 2. Then in case (b), we obtain a very 
precise description of X as a birational linear projection of a rational normal n-fold scroll. 
See Theorem 16.31 and Theorem 17.11 


1.1. Remark. Let X C P'’ be a nondegenerate irreducible projective variety of dimension 
n > 2, codimension c > 2 and degree d. Thus d > c + 1. 

(1) Our subject of the present paper is quite well understood if d < c + 2. More precisely, 
varieties of minimal degree (i.e. d = c + 1) are characterized by the 2-regularity (cf. [6]). 
Of course, these varieties have many proper secant lines. If d = c + 2, then reg(X) = 3 
but X may be cut out by quadrics and so it may have no tri-secant lines (cf. [11], [T8]). 
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(2) One can naturally ask whether X satishes the regularity bound in (1.1) when it has 
a nonempty extremal secant locus and hence reg(X) > d — c + 1. By M. A. Berlin’s work 
in |T], the answer for this question is “YES” when X is smooth. But it is unknown if 
A is a singular variety. In this direction, the authors in p] study various cohomological 
and homological properties of X when it is a surface of maximal sectional regularity. In 
particular, it is shown that such a surface achieves the regularity bound in (1.1). 

2. Curves of maximal regularity 

In this section we prove some results on curves of maximal regularity, which will be useful 
for our later investigations. We hrst £x a few notations which we shall keep for the rest 
of this paper. 

2.1. Notation and Remarks. Let C C P” be a nondegenerate projective integral curve 
of degree d. 

(A) In their fundamental paper (cf. [10]) Gruson, Lazarsfeld and Peskine have shown 
that 

reg(C) < d — r + 2 

and the equality is attained if and only if either d < r + 1 or else d > r + 2 and 
C is a smooth rational curve having a (d — r + 2)-secant line. We say that C is of 
maximal regularity if reg(C) = d — r + 2. 

(B) If d > r + 2 and C is a curve of maximal regularity, then C is the regular projection 
of a rational normal curve C C of degree d and hence C is not linearly normal. 

(C) Let r > 4 and d > r + 2. According to [31 Remark 3.1(C)], if C is of maximal 
regularity then the (d —r+ 2)-secant line of statement (A) is uniquely determined. 
We will denote this line by L^. Throughout this section we will see that this line 
induces additional geometric properties of C. 

2.2. Notation and Remarks. We recall a standard description of rational normal scrolls 
(cf. [2T|). For the vector bundle 

E = Ofl (oi) © • • • © dpi (cin) 

on P^ where 0 < Oi < • • • < a„ and a„ > 0, the tautological line bundle (9p(f)(l) of 

P(£^) is globally generated and we write S{ai, - ■ ■ , a„) for the image of the map dehned 

by Cp(£:)(l). 

(A) It is well-known that S'(ai, • • • , a„) is a normal variety and has only rational sin¬ 
gularities. Also the homogeneous ideal of S'(ai, • • • , a„) is generated by quadrics. 
In particular, any tri-secant line to S{ai, - ■ ■ , a^) is contained in S'(ai, • • • , a^). 

(B) Suppose that n > 2. Then the divisor class group of P(£^) is freely generated 

by id G |(9p(f)(l)| and a linear subspace F of dimension n — 1. Moreover, if 

a„_i > 0 then the morphism ip : P(T) —)■ S'(ai, • • • ,an) induces an isomorphism 
between the divisor class groups. Thus the divisor class group of S'(ai, • • • , a„) is 
freely generated by the hyperplane divisor H and a linear subspace F of dimension 
n — 1. We refer the reader to [7] . 

(C) One can compute explicitly the dimension of id*(P(£^), C>p(£:)(adi + hF)) by using 
the projective bundle map j : P(£^) —>■ P^. For example, see [IB], Section 2]. 
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2.3. Proposition. Let r > 4 and d > r + 2. Let C G be a curve of degree d which is 
of maximal regularity and let Lc be as in Notation and Remarks \2.1\f B). Then 

(a) Join(Lc,C) is projectively eguivalent to the threefold scroll 5(0, 0,r — 2). 

(b) Suppose thatC is contained in a rational normal threefold scroll Y := 5(0,0,r —2). 
Then Y = Join(Lc, C) and the vertex L = 5(0, 0) C 5(0, 0, r — 2) ofY is egual to 
he- In particular, Join(Lc,C) is the only rational normal threefold scroll which is 
projectively eguivalent to 5(0, 0 , r — 2 ) and which contains C. 


Proof, (a): Choose a subspace ^ c P'’ which does not meet and consider the linear 
projection map 

ttl, iP’-VLc^P^-^ 

of C from Lc. Then C' := 7rLc(C \ Lc) is a nondegenerate rational normal curve in P’’“^ 
and Join(Lc,C) is the cone over C with vertex L^. 

(b): We assume that L 7 ^ and aim for a contradiction. As length(C fl L^) > 2 we 
have he G Y and hence (L, Lc) C Y, so that L and Lc are coplanar. Now, consider the 
linear projection map ttl : P*" \ L —)■ P’’”^. The restriction map ttl (: L \ L —)■ 5(r — 2) 
induces a dominant morphism C \ (C fl L) —)■ 5(r — 2 ). As C is smooth, this morphism 
may be extended to a surjective morphism 0 : C -» 5(r — 2). This implies that 


deg( 0 ) 


d — length(C fl L) ^ d 
degpr- 2 ( 5 (r — 2 )) “ r — 2 


As L and Lc are coplanar, 0(CnLc) = 7 rL(Lc\L) is a point, say z G 5(r —2). As 5(r — 2) 
is smooth, this implies that 


deg( 0 ) = length (0 ^(z)) > length(C fl Lc) = d — r + 2 . 

The two previous inequalities imply that > d — r + 2, which is impossible since 
d > r + 2 . This contradiction shows that L = Lc and hence proves our claim. □ 


Let C C P*” be as in the above Proposition 12.31 In the next Proposition 12.41 we study the 
case where our curve C lies on a smooth rational normal surface. Note that the threefold 
scroll Join(Lc,C) = 5(0, 0 ,r — 2 ) contains many smooth rational normal surface scrolls 
projectively equivalent to 5(1, r — 2). For example, any isomorphism from Lc = 5(0, 0) to 
C' in the above proof dehnes a rational normal surface scroll of type 5(1, r — 2 ) which is 
contained in Join(Lc,C). Also it may happen that C is contained in such a surface scroll. 

2.4. Proposition. Let C G F'" be as in Proposition \2.3[ If C is contained in a smooth 
rational normal surface scroll S = S{a,r — a — 1) for some 1 < a < then 

(a) 0 = 1 , 

(b) C is linearly eguivalent to the divisor id + (d — r + 1)F where H and F respectively 
are a general hyperplane section and a ruling line of 5, 

(c) Lc is egual to the unigue line section 5(1) C 5(1, r — 2 ) of S, and 

(d) 5 is contained in Join(Lc,C). 

Proof. Let C be linearly equivalent to aid + hF. Then a > 1 since C is irreducible and not 
a line. As the surface 5 is arithmetically Cohen-Macaulay, we have id*(P’’,X 5 (l)) = 0 for 
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i = 1,2 and so, the short exact sequence 

O^Is-^Ic-^ Os(-C) 0 

implies an isomorphism = ff^(S, Os((l — a)H — hF)). If a > 1, we have 

Ri Os{{l—o)H—hF)) = 0, and we get the contradiction that C C P*” is linearly normal 
(cf. Notation and Remarks I2'ir cih Therefore a = 1. As d = deg(C) = deg(S') + b = 
r — 1 + 6, we obtain b = d — r + 1 and C is linearly equivalent to H + [d — r + 1)F. 

Now, we will see that a = 1. Note that S is cut out by quadrics and so should be 
contained in S (cf. Notation and Remarks l2.2l Aih If a > 2 then the only lines contained 
in S are the ruling lines. Obviously, no ruling line of S can be a multi-secant line to C. 
Therefore a = 1. 

The unique line section L = 5(1) of 5 = 5(1, r — 2) satishes the condition 

length(C n L) = C ■ L = (H + (d - r + 1)F) ■ (H - (r - 2)F) = d - r + 2, 

and hence L is indeed the unique {d — r + 2)-secant line to C. Now, it is clear that 5 is 
contained in the threefold scroll Join(5(l),C) = Join(Lc,C). □ 

3. The extremal secant locus of a projective variety 

In this section, we study the geometry of proper {d — c+ l)-secant lines to a nondegenerate 
irreducible projective variety X C P’’ of codimension c and degree d. To this aim, we 
will investigate the extremal secant locus F(X) of X, that is, the closure of the set of all 
proper {d — c + l)-secant lines of X in the Grassmannian G(l, P’'). 

To give precise statements, we require some notation and dehnitions. We hrst £x a few 
notations, which we shall keep for the rest of our paper. 

3.1. Notation and Reminder. Let X C P*" be as above. 

(A) Let Sm(X) be the locus of all m-secant lines of X in G(1,P’'). That is, 

S^(X) := {L G G(l, P'') I length(X G L) > m}. 

This set is closed in G(1,P’'). We also shall use the notation 
Soo(X) := {L e G(1,P") I L C X}. 

Thus we have the inclusion Soo(X) C Em(X) and the equality holds if X is cut 
out by forms of degree < m. In particular, Soo(X) is a closed subset, too. 

(B) The set Ej(^(X) := Em(X) \ Soo(X) of all proper m-secant lines to X is locally 
closed in G(1,P'’). We dehne ()m(-A) and c)m(W) respectively as 

r)m(X) := dim ^^(X) and Dm(W) := dim S^(X) (= dimE)(j(X)). 

(C) By dehnition, the extremal secant locus E(X) of X is equal to E^_^_,_j^(X). 

(D) Recall that in the introduction we dehne X to be a variety of maximal sectional 
regularity if the general linear curve section of X is of maximal regularity. To 
be precise, X is of maximal sectional regularity if there exists a nonempty open 
subset U C G(c -|- 1, P^) such that 
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(*) For any A G W, the intersection 

Ca := X n A C A = 
is an integral cnrve of maximal regnlarity. 

In this case, we will denote by hi{X) the largest open snbset of G(c + 1,P^) 
satisfying the property (*). 

Now, we are heading for the main resnlt of this section. We begin with the following 
anxiliary resnlt. 

3.2. Lemma. Let T be an integral closed subset o/G(l,P^) and let H = P'’”^ C P*" be a 
general hyperplane. Then, the following statements hold. 

(a) If dimT < 1, then T n G(l, H) = 0. 

(b) If dimT > 2, then each irreducible component W of T nG(l,]HI) satisfies 

dim IF = dimT — 2. 

Proof. Fix a hyperplane Ho C P^. The canonical action of the integral algebraic gronp 
scheme G =: Ant(P’’) on the integral scheme X = G(1,P^) is transitive. Thns a resnlt 
of Kleiman (see [121 Corollary 4]) says that all irredncible components of 5 f(G(l,Ho)) flT 
have dimension 

dimG(l, Ho) + dimT — dimG(l, P^) = dimT — 2 
for general g E G. □ 

3.3. Proposition. Let X be a nondegenerate irreducible projective variety of dimen¬ 
sion n, codimension c > 3 and degree d > c + 3. Then 

(a) ^>oo(X) < 2n — 3. 

(b) Orf_c+i(X) < 2n — 2 and the eguality is attained if and only if X is a variety of 
maximal sectional regularity. 

Proof. For any hyperplane H of P'’ and any mGMU{oo}, it holds that 
(3.1) S™(XnH) = S^(X) nG(l,H). 

Now, let Hi,..., H„_i be general hyperplanes and let C := X fl Hi fl ■ ■ ■ fl H„_i. Then by 
combining Lemma 13.21 and fl3.ip , one can see that 

(i) Tm{C) is empty if and only if < 2n — 3 

and 

(ii) dm{C) > 0 if and only if ()m(X) > 2n — 2. In this case, it holds that 

dm{C)=dm{X) - (2n-2). 

(a) : Obvionsly, Too(C) is empty. Thns we have f)oo(X) < 2?7, — 3 by (i). 

(b) : We know that C has at most one (d — c + l)-secant line and so dd- c+i{C) < 0 

(cf. Notation and Remarks l2.1h BA. It follows by (i) and (ii) that f)(i_c+i(X) < 2n — 2. 
Moreover, f)(i_c+i(X) = 2n — 2 if and only if f)(i_c+i(C) = 0 and hence C is a cnrve of 
maximal regnlarity. □ 

3.4. Theorem. Let X G F'' be as in Proposition Id.dt Then Orf_c+i(X) < 2n — 2 and 
eguality is attained if and only if X is a variety of maximal sectional regularity. 
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Proof. Since it holds always that hrf_c+i(X) > ()rf_c+i(X), we get the desired inequality 
0rf_c+i(^) < 2n — 2 from Proposition I3.3l bh Also since Doo(-A) < 2n — 3 by Proposition 
I3.3l a). it holds that Dd_c+i(X) = 2n — 2 if and only if Dd-c+i(-A) = 2n — 2. □ 

4. Sectionally Rational Varieties 

Let X C be a nondegenerate irreducible projective variety. We will say that X is 
a sectionally rational variety (resp. sectionally smooth rational variety) if its general 
linear curve section is rational (resp. smooth rational). We are interested in this kind of 
varieties since any variety of maximal sectional regularity is sectionally smooth rational 
(cf. Notation and Remarks 12.R AP. The aim of this section is to show - under some mild 
conditions - that a sectionally rational variety is always obtained as a birational linear 
projection of a variety of minimal degree. 

4.1. Theorem. Let X (Z be a nondegenerate irreducible projective variety of dimension 
n and degree d. Assume that either 

(1) char(k) = 0 and X is a sectionally rational variety, or else 

(2) X is a sectionally smooth rational surface. 

Then X is a projection of a variety of minimal degree. More precisely, X = 7rA(X) where 

(a) V C is an n-dimensional variety of minimal degree, 

(b) A = ^<^+"■-'■-2 pd+n-i ^ subspace such that V fl A = 0, 

(c) 71A : \ A —)■ P^ is the linear projection map from A and 

(d) tta \: X ^ X is the normalization of X. 

Furthermore, X is a sectionally smooth rational variety if and only if the singular locus 

Sing(7rA) := {x e X I length(7rj^^(x)) > 2} 
o/tta : V —)• V has dimension at most n — 2. 

Proof. Let u : Y —)■ V be the normalization of V, so that Y is an n-dimensional normal 
projective variety and z/ is a hnite surjective birational morphism. Also the line bundle 
C := i'*Ox{X) on X is ample and base point free. Let Hi,..., H„_i be general hyperplanes 
and consider the ^-dimensional irreducible varieties := V fl Hi fl ■ ■ ■ fl H„_£ and their 
preimages W := {£ = 1,.. .n). As the hyperplanes Mj are general, Xi is not 

contained in the singular locus of u and so Ye are irreducible and the induced hnite 
morphisms 

Ui := u \: Ye ^ Xe, i=l,...,n 

are birational. Note that Vi is a rational curve since X is sectionally rational. 

Assume hrst that char(k) =0. As W C V is cut out by the n — i general divisors 
z/*(V n Hi),..., z/*(X n M.n-e) G |£|, it is normal by the Bertini Theorem [HI Corollary 
3.4.2]. So, the sequence 

Vi c V 2 C ... c V = V 

forms a ladder with normal rungs of the polarized variety (V, C) in the sense of T. FujitaP . 
As Ui -.Yi ^ Xi is birational, it follows that Yi = P^ and hence the sectional genus g{Y, C) 
of the polarized variety (V, C) is equal to zero. 
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Assume now, that X is a sectionally smooth rational surface. Thus the curve Xi C X is 
smooth rational and z/i : Ti -» Xi is an isomorphism. Hence, again the polarized surface 
(Y, C) has a ladder Yi C I 2 = h' with normal rungs and its sectional genus g{Y, C) is zero. 

Thus, in both cases the sectional genera satisfy g(Y,C) = 0. Therefore, by [9l Proposi¬ 
tion 3.4], the A-genus A(X, £) of the polarized variety {Y,C) is equal to zero. According 
to T. Fujita’s Classihcation Theorem [HI Theorem 5.15], it now follows that £ is a very 
ample line bundle which embeds Y to the {d + n — l)-dimensional projective space as a 
variety of minimal degree. Let 

^ prf+n—1 

be the image of the linearly normal embedding ip\c\ • ^ It is clear that the 

normalization map z/ : X —)■ X consists of the embedding ip\c\ of ^ followed by a linear 
projection tta : \ A ^ P’’ from a linear space A = ^'^+"■-'■- 2 ^ particular, the map 

tta : X ^ X is the normalization of X. 

Finally, consider the short exact sequence 0 —)■ Ox ^ X —?■ 0 on X where 

X is the quotient sheaf {jh)*0^/0x- Note that Sing(7rA) = Supp(X). In particular, the 
dimension of Sing(7rA) is equal to the degree of the Euler-Poincare characteristic x(X(f)). 
Let us write xi^xit)) and xi^xi^)) respectively as 

x{Ox{t)) = '^Xj{Ox{l))l { j and x(C>^(t)) = ^ (1)) 

j=o \ J J j^o 

Here, it holds that x„((Px(l)) = Xn{0^{l)) = d since tta : X —)■ X is a hnite birational 
morphism. Also x„_i((Pj^(l)) = 1 since the general linear curve section of X is a smooth 
rational curve. Now, let m be the degree of the polynomial x(X(t)). Then, from the 
relation x(X(t)) = x((Pjf(t)) — xi^^xit)) among the Euler-Poincare characteristics, we 
can see that m < n — 2 if and only if Xn-i{0x{^)) = 1 and hence the general linear curve 
section of X is a curve of arithmetic genus 0, or equivalently, a smooth rational curve. □ 

It occurs to me, that Corollary 4.2 could be extended as follows: 

Assume that X C P*” is as in Theorem 4.1 and that X has only hnitely many non-normal 
points (which is always the case if condition (2) of Theorem 4.1 holds). Then 

x{Ox{t)) = d[^ ^ j + j _5(X) 

where 

(j(X) = length((7rA)*C>jf/C>x)- 

4.2. Corollary. Let X C P*" &e a sectionally smooth rational surface of degree d. Then 

+t + l-S{X) 

for a non-negative integer 5(X). Furthermore, X is smooth if and only if S{X) = 0. 
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Proof. From Theorem 14.11 and its proof, we have xi^^xit)) = ~ x{J^{t))- Also 

Supp(J^) is at most a finite set and hence x(-A(t)) is a non-negative integer, say 5(X). 
Since 

we get the desired formula of x(C>x(t))- Moreover, 5(X) = 0 if and only if tta : X —)■ is 
an isomorphic projection of X. Since X is either smooth or else a cone, we can rephrase 
this fact as 5(X) = 0 if and only if X is smooth. □ 

4.3. Corollary. Let X C P^ 6e a nondegenerate irreducible projective variety of dimension 
n and degree d which is of maximal sectional regularity. If char(k) =0 or if n = 2, then 
X is a projection of a rational normal scroll. More precisely, X = 7rA(X) where 

(a) X C is a rational normal n-fold scroll, 

(b) A = -pd+n-i ^ subspace with X fl A = 0, 

(c) tta : \ A —)■ P'" is the linear projection map from A and 

(d) tta I": X — )■ X is the normalization of X . 

Furthermore, if X is not a cone then X is a smooth rational normal scroll. 

Proof. Since X is sectionally smooth rational (cf. Notation and Remarks 12.If A A. it holds 
by Theorem 14.II that X is a projection of a variety of minimal degree. In our case, d is at 
least 5 and hence the projecting variety X should be an n-fold rational normal scroll. 

If X is not a cone, then X should be not a cone and hence smooth by the well-known 
classification result of varieties of minimal degree. □ 


5. The extremal variety of a variety of maximal sectional regularity 


Let X C P^ be a nondegenerate irreducible projective variety of dimension n, codimension 
c > 3 and degree d > c -f 3. Assume that X is of maximal sectional regularity and let 
W(X) C G(c -|- 1,P^) be as in Notation and Reminder l3.1f Dj. Then for any A E U{X), 
the intersection 

Ca := X n A C P"+^ 

is an integral curve of maximal regularity. In particular, it admits a unique (d — c -t- 1)- 
secant line, say La (cf. Notation and Remarks l2.1lf BjL Along this line, we consider the 
extremal variety F(X) of X which is defined as 


F(X) = IJ La C PL 

AeM(X) 


Through the next two sections it will turn out that either F(X) is an n-dimensional linear 
space or else c = 3 and F(X) is the (n -|- l)-fold rational normal scroll 


S{ ,1,1,1) cP”+L 

(n—2)—times 


This structure of the extremal variety will play a crucial role in the classihcation of 
varieties of maximal sectional regularity. 
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Along this line, this section is devoted to prove a criterion on the linearity of F(X) 
and to classify varieties of maximal sectional regularity whose extremal variety is a linear 
space. 

5.1. Lemma. Let X C he a nondegenerate irreducible projective variety of dimension 
n, codimension c > 3 and degree d > c + 3. Suppose that there exists an n-dimensional 
linear subspace F C P*" such that dim(X n F) = n — 1. 

(a) //degjr(XnF) > d—c+1, then X is of maximal sectional regularity andW = F(X). 

(b) Suppose that X is a variety of maximal sectional regularity. //La C F for general 
AeU{X), then¥{X) = F. 

Proof, (a): Set t := deg]p(X fl F) and let A = P^+^ G G(c + 1,P’') be a general member. 
Then the line L := F fl A is t-secant to the integral curve Ca := X H A C P^+^ of degree 
d. Therefore t < reg(CA) < d — c + 1, whence t = d — c + 1. Thus Ca C P^+^ is a curve of 
maximal regularity and L C F is its unique (d — c + l)-secant line. This shows that X is 
a variety of maximal sectional regularity and F C F(X). Now, let A G U{X) and consider 
the integral curve Ca := X fl A C P^+^ of maximal regularity. It is clear that L := F fl A 
is a line such that length(CA fl L) > d — c + 1. Thus L is the unique (d — c + l)-secant 
line to Ca. This shows that F = F(X). 

(b): For general A G //(X), we have La := F fl A and thus 

d — c + 1 = length(CA H La) < length(X n La) = length((X fl F) fl La) = deg]p(X fl F). 
So, our claim follows by statement (a). □ 

5.2. Proposition. Let X be a nondegenerate irreducible projective variety of dimen¬ 
sion n, codimension c > 3 and degree d > c + 3. If X is a variety of maximal sectional 
regularity, then the following conditions are eguivalent. 

(i) F(X) is an n-dimensional linear space. 

(ii) dimF(X) = n. 

Proof, (i) ^ (ii) is obvious. 

(ii) (i): Let i/i, ...,//* be the different n-dimensional irreducible components of F(X) 
and write 

F(X) = DiU---UDtUE 

where // C P^ is a closed subset of dimension at most n — 1. Also we write X fl Dj as 
Vj U Wj where Vj is either empty of else an equidimensional scheme of dimension n — 1 and 
Wj is a closed subscheme of dimension at most n — 2. Now, choose a general A G //(X). 
So, it avoids Wi,... ,Wt and // fl A is at most a hnite set. Then we have 

La c f(x) n a = (Di n A) u ■ ■ ■ u (A n A) u (e n A) 

and hence La = Did A for some i. This means that Di is a linear space. Also 

Ca n La = (X n C>i) n A = Pi n La 

is nonempty and hence X fl Dj is of dimension n — 1. Furthermore, we have 

deg^j. (X n Di) = deg^j. Vi = length(X d Did A') = length(I^ n La) = d — c -|- 1. 
Therefore it follows by Lemma [5. Uf a! that F(X) coincides with Di. □ 
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5.3. Lemma. Let X 


fc—times 


be a rational normal n-fold 


scroll for some 0 < k < n — 2 and positive integers a^+i < ■ ■ ■ < cin- Let D (Z X be a 
divisor linearly equivalent to sH + tF where LI is a hyperplane section of X and F Z X 
is an {n — 1)-dimensional linear space. Then 


(a) 

Ifs 

> 

2 

or s = 

= 1 and t > 0 or s = 0 and t > On 

, then 

{D) = 

_ pd+n—1 

(b) 

Ifs 

= 

1 

and t 

< 0, then dim (D) = d + n + t — 

2. 



(c) 

Ifs 

= 

0 

and a 

i-i <t < Oi for some i < n, then 








dim 

(D) = (ak+i + • • • + ai_i) + (n — 

i + l)t 

+ (i- 

-2). 

(d) 

Ifs 

= 

1 

and t 

< 0, then Id = Ix + 1 (d)- 





Proof. First, observe that it is enough to show the statements in the case where k = 0. So, 
we suppose that X is smooth. Let R denote the homogeneous coordinate ring of 
Also let Id and To be respectively the homogeneous ideal and the sheaf of ideals of D in 
pd+n-i consider the exact sequence 0 —Xjj —)■ —)■ 0^{—D) —)■ 0. Since X is a 

projectively normal variety, we get the exact sequence 

(5.1) 0-)■ Ij^ ^ IdE = 0 ^ 0 

jgZ 

of graded i?-modules where Ej := Ff°(X, 0^{jH — D)). 

(a) ~ (c): From the above short exact sequence fl5.ll) . we know that 

dim (D) = d + n - 1 - h°(X, 0^{Yi - D)). 

If s > 2, then H^{X, 0^{H — D)) = 0 and hence D spans the whole ambient space. If 
s = 1, then Ff°(X, 0^{H — D)) = C>pi(—t)) and hence we get the desired result. 

If s = 0, then 

-£>))= 0 ff“(PlC>p,(o,-t)) 

k-\-l<j<n 

and hence again we get the desired formula. 

(d): One can easily check that Oj^{H — D) is 1-reguIar with respect to 0^{H) and hence 
E is generated by Ei. Then it follows from fl5.ll) that Id is generated by its degree one 
piece and I^. This completes the proof. □ 


5.4. Theorem. Suppose that char(]k) =0 or n = 2 and let X Z be a nondegenerate 
irreducible projective variety of dimension n>2, codimension c > 3 and degree d > c + 3. 
Then the following two conditions are equivalent: 


(i) X is a variety of maximal sectional regularity and¥{X) is an n-dimensional linear 
space. 

(ii) Either X is a cone over a curve of maximal regularity or else X = 'n'\{X) where 

1. X = afc+i,..., a„) C is a rational normal n-fold scroll for 

/c—times 


some 0 < k < n — 2 and positive integers Ok+i < ■ ■ ■ < an, 
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2. D G X is an effective divisor linearly equivalent to H + {1 — c)F where H is 
a hyperplane section of X and F G X is an {n — 1)-dimensional linear space 
{hence (D) = 

3. A C (D) is a {d — c — 2)-dimensional subspace such that the restriction tta 
{D) \ A ^ P” is generically injective along D. 

In this case, X is singular. 

Proof, (i) ^ (ii) : Let X G and A = Corollary 14.31 Thus 

X = 5(0^_^, Ufe+i, ..., an)G P''+"-' 

Ai—times 

for some 0 < A; < n — 1 and positive integers Ok+i < ■ ■ ■ < CLn- k = n — 1, then 
X should be a cone over a curve of maximal regularity. Now, assume that k < n — 1. 
Note that G := X fl F(X) contains a hypersurface of F(X) whose degree is at least 
d — c + 1. Let E and D be respectively the pre-images of F(X) and G by tta- Thus E 
is a (d — c + n — l)-dimensional linear space and D C E is a subscheme of dimension 
n — 1 and degree > d — c + 1. Thus D contains a divisor D' of X whose degree is at least 
d — c + 1. Let sH + tF be the divisor class of D' in X. Thus we have the inequality 
deg(Zi)') = sd + t > d — c+1. Note that {D') is a subspace of E which is a proper subspace 
of P'^+"--L On the other hand, one can show by Lemma [531(a) ~(c) that if s = 0 and hence 
t>d — c+lors = l and f>l — cors>2 then the dimension of {D') is strictly greater 
than that of E. Therefore we have s = 1 and t = 1 — c. Then it follows respectively by 
Lemma [531(b) and (d) that 

(t) (D') = E and (|) X O {D') = D'. 

From (t), we know that {D) contains A. Also from (|), it holds that D = D' and hence 
G = tt\{D') is a hypersurface in F(X). Finally, the restriction tta f: {D) \ A -» F(X) is 
generically injective along D since D and G have the same degree. 

(i) (ii) : Assume that X is a cone over a curve C G of maximal regularity. Let 
A = P’^-^ vertex of X and the unique (d — c + l)-secant line of C. It is clear 

that X is a variety of maximal sectional regularity. Also the n-dimensional linear space 
F := (Lc, A) satishes the conditions that dim(X fl F) = n — 1 and La' C F for general 
A' G L/(X). Therefore it follows by Lemma [5111(b) that F(X) = F. 

Now, consider the second case. Let F be the n-dimensional linear space 7rA(E \ A). 
Note that D is of degree d — c -1- 1. As tta \: {D) \ A -» F is generically injective along 
D, the map tta : X —)• X is birational and hence G := 7^a{D) C F is a codimension one 
subscheme of degree d — c-|-l. AsGcXflFit holds that X n F is of dimension n — 1 and 
of degree > d — c -1- 1. It follows by Lemma [5.1! that X is a variety of maximal sectional 
regularity and F(X) = F is an n-dimensional linear space. 

Finally, the map tta D ^ G cannot be an isomorphism since G in P” is linearly nor¬ 
mal. This implies that the hnite birational morphism tta : X —)■ X is not an isomorphism 
and hence X is singular. □ 
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6. Surfaces of Maximal Sectional Regularity 

This section is aimed to classify projective surfaces of maximal sectional regularity. To this 
end, we will hrst classify the extremal varieties of surfaces of maximal sectional regularity. 
To give precise statements, we require some notation and dehnitions. 

6.1. Notation and Remark. Let r > 5 and let X C P’’ be a surface of degree d > r + 1 
and of maximal sectional regularity. Thus U{X) is a nonempty open subset of (P^)*. For 
every El G U{X), the intersection Ce := X fl El C P’’”^ is an integral curve of maximal 
regularity. We denote by Lh the unique (d — r + 3)-secant line to Ce. 

(A) Theorem 14.11 savs that the normalization tt : X —)■ X of X is realized as a linear 

projection of a rational normal surface scroll X C In particular, X is covered 

by lines. 

(B) By view of Theorem 14.11 it follows that the singular locus Sing(X) of X is hnite. 
Therefore the set 

V(X) := {H G W(X) I Sing(X) n H = 0} 

is a nonempty open subset of W(X). 

(C) For each El G V(X), consider the nondegenerate projective surface 

Zh := vrH(X\Le) C P^’^ 

where tth : P^ \ Lh —>■ is the linear projection from Lh. Since the intersection 

X n Lh is contained in the smooth locus of X, we have 

deg(ZH) = deg(X) — length(X n Lh) = d— (d — r + 3) = r — 3 

and hence Zh is a surface of minimal degree. By (A), Zh is covered by lines and 
so it is a rational normal surface scroll. Write 

Zm = S (6h, r — 3 — 6h) 

for some 0 < 6 h < Whence the join 

VFh := Join(LH, X) = Join(LH, Zh) 

is a fourfold rational normal scroll S'(0,0,6 hX — 3 — 6h) such that *S'(0,0) = Lh 
and S{bu, r - 3 - bu) = Zh. 

(D) Recall that Wm is cut out by quadrics. As X is a subset of and 

length(X n Lh') = d — r + 3>2 
for any H' G U{X), we have F(X) C Wm- 

6.2. Proposition. Let 5 < r < d and let X be a surface of degree d and of maximal 
sectional regularity. Let the notations be as in Notation and Remark \6.1\ 

(a) Suppose that 6h = 0 for some H G V(X). Then the following statements hold: 

(1) F(X) is egual to the set of vertices ofW^- In particular, it is a plane; 

(2) For any H' G V(X), Ww = Re and hence fen' = 0. 

(b) Suppose that 6h > 0 for some El G V(X). Then it holds 

(1) Lh' is either egual or disjoint to Lh for any H' G V(X); 

(2) dim F(X) = 3 and X G F(X); 
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(3) r = 5; 

(4) bw = l for aim' G V(X). 

Proof, (a) Let F be the plane S'(0, 0, 0) of vertices of Wm- Thus we have ILe = Join(F, X). 
For a general member H' G V(X), we have 

(6.1) Ch/C IFe Fl H'= S'(0, 0, r — 3) 

where the line S'(0,0) in n H' is equal to the intersection F fl H'. By Proposition 
12.31 this line is the {d — r + 3)-secant line Lh' of Cw and hence Lh' is contained in F. 
Furthermore, X fl F is of dimension one. Thus, F(X) is exactly equal to the plane F by 
Lemma [5. II Moreover the above fl6.ll) holds for all H' G V(X). This implies that 

IFh' = Join(]L][n/,X) C Join(F,X) = IFh. 

Therefore we have IFh' = bFn and 6 h/ = 0. 

(b) Suppose that fen > 0 for some El G V(X). Let / : X \ Lh —)■ be the restriction of 
the linear projection map from Lh. By Notation and Remark Ib.ll fA) and (C), we know 
that / is a birational map, X is covered by lines and those lines map to the ruling lines 
of the smooth rational normal surface scroll Z^. 

Let HI' G V(X). Then we claim that the lines Lh' and Lh are either disjoint or else 
Lh' = Le. Consider the curve C := /(Ch' \ Lh). The map / (: Ch' \ Lh —)■ C extends 
to a unique birational morphism g : Ch' ^ C' since Ch' is smooth. Also C and a general 
ruling line of Zw intersect at a point. This means that C is a section of Zw and hence it 
is a smooth rational curve. So, the morphism g is indeed an isomorphism. Assume that 
Lh and Lh' are different and not disjoint. Then they must meet at the vertex q of the 
threefold scroll IFh Fl H' = S'(0, 6 h, t — 3 — 6h)- Hence, the point p = 7rH(LH' \ {g}) G Zm 
satisfies 

p & C and length(g“^(p)) = length(LH' Fl Ch') = d — r + 3>l, 

which is a contradiction. This proves the stated disjointness of Lh' and Lh. 

The previous disjointness implies that F(X) cannot be a plane since it should contain 
two disjoint lines. It follows by Proposition 15.21 that the dimension of F(X) is at least 3. 
On the other hand, we will show that F(X) has dimension at most 3. To do so, let us 
consider the incidence correspondence 

E := {(a;,L) G P’' x G(1,P'’) | x G L} C P’’ x G(1,P'’) 

and the canonical projections 

: E ^ P’’ and : E ^ G(l, PO. 

Theorem l3.4l savs that E))_^^^(X) is 2-dimensional and so -0”^ (E2_^^^(X)) is 3-dimensional. 
Therefore the closed subset 

vp-‘(sUUU0)) = [J L cr 

has dimension < 3. Since F(X) is contained in this closed subset, we have dim F(X) < 3. 
In consequence, it is shown that 

dim F(A') = dim v>(r‘(SLo+i(V))) = 3. 
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Now, we will show that X is a subset of F(X). To this aim, consider the set 

E(X) := {Lh I H e V(X)}. 

From the the proof of Proposition 13.31 one can see that S(X) is 2-dimensional and 
\ is of dimension at most one. This means that the coincidence set 

y := V>-^(S(X)) = {(x,Lh) I H G V(X) and x G Lh} 

is 3-dimensional and its subset 

T:=rn(Xx G(l, P")) = {(x, Lh) I H G W(X) and x G X n Lh} 
is 2-dimensional. Now, the previous disjointness implies that the projection map 

(p f:T^XnF(X) 

is injective. It follows that X nF(X) is 2-dimensional and so X C F(X). 

Next, we will prove that 6 h = 1- Recall that Lh' and Lh are disjoint if Lh' 7 ^ Lh. 
This implies that the line Lh' avoids the vertex g of the threefold rational normal scroll 
IFh n H' = S'(0, 6h, l — 3 — fen) and that it is not contained in any of the ruling planes of 
IFh n mb Therefore Mh' := 7rLj[(LH') is a line such that H Lh') C Zjh n Mh'. As g 

is an isomorphism, we have 

length(C' n Mh') = length(CH' H Lh') = d — r-|-3>2. 

Then Mh' C Zm since Zh is cut out by quadrics (cf. Notation and Remarks l2.2f A)i. 
Furthermore, Mh' is not a ruling line of Zh since the ruling lines of Zh are precisely the 
images of the ruling planes of hFHnEI' by the linear projection map from q. Consequently, 
Mh' must be a line section of Zh. In particular, 6 h = 1- 

Now, we will show that r = 5. Assume to the contrary, that r > 6 . Note that Lh' is 
contained in IFhCEI' = S'(0,1, r — 4) while it is not contained in any of the ruling planes of 
IFhCEI'. This means that Lh' is contained in the plane S'(0,1) of RhCIHI'. It follows that 
the 3-space S'(0, 0,1) of IFh contains Lh' for all H' G V(X) and hence F(X) C S'(0, 0,1). 
This is impossible since F(X) contains X and hence it spans P’’. This contradiction shows 
that indeed r = 5. 

Finally, note that since fen > 0 we have fen' > 0 for all H' G V(X) by (a). Then applying 
the previous arguments to H', we get the desired equality 5 h' = 1 - D 

Now, we are ready to prove the following complete classihcation result of surfaces of 
maximal sectional regularity. 

6.3. Theorem. Let 5 < r < d and let X <zW he a nondegenerate irreducible projective 
surface of degree d>r + l. If X is a surface of maximal sectional regularity, then either 
F(X) is a plane or else r = 5, F(X) = S'(l, 1,1) and X C F(X). Moreover we have 
(a) The following two statements are equivalent: 

(i) X is a surface of maximal sectional regularity and F(X) is a plane. 

(ii) X is either a cone over a curve of maximal regularity or else a projection 
7 rA(X) of a smooth rational normal surface scroll X C P‘^+^ where 

1. D <Z X is an effective divisor linearly equivalent to H + {1 — c)F where 
H and F are respectively a hyperplane divisor and a ruling line of X 
{hence (D) = and 
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2. A C {D) is a {d — r)-dimensional subspace such that the restriction 
tta h (-D) \ A -» is generically injective along D. 

In this case, X is singular. 

(b) The following two statements are eguivalent: 

(i) X is a surface of maximal sectional regularity and F(X) = ^(l, 1,1). 

(ii) X is contained in ^(l, 1,1) as a divisor linearly eguivalent to H + {d — 3)F, 
where H is the hyperplane divisor and F is a ruling plane of S{1, 1,1). 

In this case, X is smooth. 

Proof. Suppose that F(X) is not a plane. Then Proposition 16.21 shows that r = 5, 
dim F(X) = 3 and X C F(X). Thus it remains to prove that F(X) = To 

this aim, let H, H' G V(X) such that Lu 7 ^ LJj. Then Proposition I6.2r bi says that the 
two quadrics ITe and W-^' in P^ are both of type ^(OjO, 1,1) and {Le,Le') is a 3-space. 
Moreover, as Lh is the vertex of ITh = ^(O, 0,1,1) and Lh/ C PTh h holds (Le, Le') C ITe- 
Hence, by symmetry we get 

X C F(X) C Wm n Ww and P^ = (Le, Le/) C He H Ww- 

As Hh and W^i are two distinct integral hyperquadrics in P^, we know that HAnnlTe/ is a 
complete intersection and hence a 3-dimensional arithmetically Cohen-Macaulay scheme 
of degree 4. As X C P^ is non-degenerate and contained in He n Ww, it follows that 

He n Hh' = (Le, Lh') U V 

for a 3-dimensional non-degenerate integral closed subscheme H C P^ of degree 3. Note 
that H is a scroll of type S(l, 1,1) or S'(0,1, 2) or S'(0, 0, 3). In particular, V is cut out by 
quadrics. Also X <zV. Therefore Le" C V for all H" G V(X) and hence that F(X) = V. 
Finally, we aim to exclude the latter two cases. First, V cannot be equal to S'(0, 0, 3) since 
any divisor of S'(0,0,3) is arithmetically Cohen-Macaulay while X is not. Now, assume 
that V = S{0, 1, 2) and let H" G V{X) be a general member. Then, we have 

Cw c H n e" = s(i, 2) c H" = p^ 

and according to Proposition 12.41 (ch the line section S'(l) of 5(1,2) coincides with Lh//. 
Therefore Lh// should lie on the plane 5(0,1) and hence this plane is F(X), which is a 
contradiction. Therefore F(X) = H is equal to 5(1,1,1). 

(a) This follows immediately from Theorem 15.41 

(b) (i) (ii) : Note that X is contained in 5(1,1,1) since F(X) is not a plane. For all 
El G (X), we have 

Ch = X n e C F(X) n H = 5(1, 2) C P^ 

and Proposition 12.41 fbi yields that the divisor X is linearly equivalent to H {d — 3)F. 

(i) (ii) : It is clear that any line in the 2-dimensional family of line sections of 
5(1,1,1) is a (d — r-|-3)-secant line to X. Then Theorem [331(b) shows that hd-r-i- 3 (-^) is 
equal to 2 and so X is a surface of maximal sectional regularity. Furthermore, 5(1,1,1) 
is contained in F(X) and hence we get the desired equality 5(1,1,1) = F(X) by our 
previous classihcation result of F(X). 

It remains to show that X is smooth. One can easily check that the A-genus of 
(X, (Px(l)) is equal to zero. This implies that the linearly normal embedding of X by 
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Ox{^), say X C is a rational normal snrface scroll and X is the image of an iso¬ 

morphic linear projection of X. Since X admits an isomorphic linear projection, it is 
not a cone and hence a smooth rational normal snrface scroll. Therefore X is a smooth 
snrface. □ 

6.4. Remark. Let X be as in Theorem I6.3l bjfiij. Thus it is contained in Y := S'(l, 1,1) 
as a divisor linearly equivalent to H + {d — 3)F, where H is the hyperplane divisor and 
F is a ruling plane of ^(l, 1,1). One can easily check that H^(Y, Oy{‘2H — X)) = 0 (cf. 
Notation and Remarks l2.2f Bjj. From the exact sequence 

0 —y Xy —y Fx —y Oy{ — X') —y 0 

it follows that if°(P^,Xy(2)) = iL°(P^,Xx(2)). In particular, Ix requires exactly three 
quadratic generators. 


7. Classification of varieties of maximal sectional regularity 

This section is aimed to prove the following classification of varieties of maximal sectional 
regularity in the case where the dimension and the codimension are both at least three. 

7.1. Theorem. Suppose that char(k) = 0 and let X C P’' 6e a nondegenerate irreducible 
projective variety of dimension n > 3, codimension c > 3 and degree d> c + 3. If X is a 
variety of maximal sectional regularity, then either ¥{X) is an n-dimensional linear space 
or else c = 3 and F(X) = S{ 0,..., 0 ,1,1,1). In the first case, X fl F(X) in F(X) is a 

(n—2)—times 

hypersurface of degree d — c+1. In the second case, F(X) contains X. Moreover we have 

(a) The following two statements are eguivalent: 

(i) X is a variety of maximal sectional regularity and¥{X) is an n-dimensional 
linear space. 

(ii) Either X is a cone over a curve of maximal regularity or else X = 7rA(X) 
where ^ 

1. X = afc+i,..., a„) C is a rational normal n-fold scroll 

fc—times 

for some 0 < k < n — 2 and positive integers a^+i < ■ ■ ■ < an, 

2. D (Z X is an effective divisor linearly eguivalent to H + {1 — c)F where 
H is a hyperplane divisor of X and F Z X is an {n — 1)-dimensional 
linear space {hence (D) = 

3. A C {D) is a {d — c — 2)-dimensional subspace such that the restriction 
tta h (D) \ A ^ P” is generically injective along D. 

(b) The following two statements are eguivalent: 

(i) X is a variety of maximal sectional regularity and¥{X) = S{ 0,..., 0 ,1,1,1). 

(n—2)—times 

(ii) X is contained in the {n-\-l)-fold scroll Y '■= S{ 0,..., 0 ,1,1,1) as a divisor 

(n—2)—times 

linearly eguivalent to H + {d — 3)F, where H is the hyperplane divisor of Y 
and F zY is an n-dimensional linear space. 
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To prove this theorem, we need the following two lemmas. 


7.2. Lemma. Let X C P’’ 6e a variety of maximal sectional regularity of dimension n >2 
and codimension c > 3. If¥{S) is a plane for a general linear surface section S C 
of X, then F(X) is an n-dimensional linear space. 


Proof. We use induction on n > 2. 

The statement is obvious for n = 2. 

Suppose that n > 3. By induction hypothesis, if Hi and H 2 are general hyperplanes 
of P’’ then Ai := F(X fl Hi) and A 2 := F(X fl H 2 ) are (n — l)-dimensional linear spaces. 
Furthermore, F(XnHinH 2 ) is an (n — 2)-dimensional linear subspace (either by Notation 
and Remarks l2.1f Al for n = 3 and by induction if n > 3), which is contained in Ai fl A 2 . 
Thus the linear space 

A:=(Ai,A2) 


is of dimension n. Now, let H be a general hyperplane. Then F(X fl H) is an {n — 1)- 
dimensional linear space. Also we know that F(X fl H fl Hi) and F(X fl H fl H 2 ) are 
{n — 2)-dimensional linear subspaces (again, either by Notation and Remarks l2.1f Al for 
n = 3 or by induction if n > 3) and hence that 


F(xnH) = {F(xnHnHi),F(xnHnH2)). 

Since F(XnHnHi) and F(XnHnH 2 ) are respectively linear subspaces of Ai and A 2 , it 
follows that F(X fl H) is contained in A. By Lemma [5.11 we conclude that F(X) is equal 
to the n-dimensional linear space A. □ 


7.3. Lemma. Suppose that char(k) = 0 and let X C P® &e a 3-dimensional variety of 
maximal sectional regularity such that F(X fl H) = S'(l, 1,1) for a hyperplane H = P^. 
Then 

(a) F(S') = S'(l, 1,1) for a general hyperplane section S' C P^ of X. 

(b) F(X) is the rational normal fourfold scroll S'(0,1,1,1) and X is contained in F(X) 
as a divisor linearly eguivalent to H + {d — 3)F, where H is a hyperplane divisor 
of S{0, 1,1,1) and F is a linear 3-space in S'(0,1,1,1). 

Proof, (a) By Theorem I6.3f c) and Corollary 14.21 we have 

x{^xnu{t)) = 

Clearly, this implies that the Euler-Poincare characteristic x{^x{t)) is of the form 

X{^x{t)) = d^ 3 ) ( 2 ^ ^ 

and hence for a general linear surface section S' C P^ of X, we have 

x{^s{t)) = 2 ^+^ + 1 - 

Thus S' is a smooth surface by Corollary 14.21 Now, from the classihcation result in 
Theorem 16.31 it follows that F(S) = S'(l, 1,1). 
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(b) Recall that X is a linear projection of a threefold rational normal scroll X C P'^+2 (cf. 
Corollary 14.3p . If X is a cone over the rational normal cnrve, then X should be a cone 
over a curve of maximal regularity and hence ¥{S) is a plane for a general hyperplane 
section S' C of X, a contradiction. Thus Sing(X) is at most a point. By combining this 
with the fact that dim Sing(7rA) < 1 (cf. Theorem 14. ip . we know that dim Sing(X) < 1. 
Thus for general A G U{X), the intersection X fl La is contained in the smooth locus of 
X and hence the join Q\ := Join(LA,X) is a quadratic hypersurface of P® (cf. Notation 
and Remark 16.ip . Now, choose two general members Ai, A 2 G U{X). Thus we have 

^cQAiCgA, CP"*. 

We will see that the intersection Qai H is reducible. Indeed, let El be a general 
hyperplane and Q^^;a = Q^i H HI (z = 1, 2). Then 

S := X n H C gAi,H n gA2,H- 

Note that I{S)2 = /(F(S '))2 (cf. Remark l6.4p and hence Qai.h and gA2,H are contained 
in /(F(S')) 2 . Therefore the intersection gAi,H H gA 2 ,H is the union of the scroll F(S) = 
S'(l, 1,1) and a linear subspace P^ of H. Then, it is clear that Qai H should be the 
union of a scroll Y := S(0,1,1,1) and a 4-dimensional linear space. Obviously, our X is 
contained in R as a divisor. Also from the divisor class of S in 5(1,1,1), we know that 
X is linearly equivalent io H + [d — 3)F. Finally, F(X) C Y since Y contains X and 
it is cut out by quadrics. On the other hand, R O HI = F(X O H) C F(X) for a general 
hyperplane HI of P®. So, we get the desired equality F(X) = R. □ 

Now we give the 

Proof of Theorem 17.11 Let S C P‘^+2 be a general linear surface section of X. Then 
5 is a surface of maximal sectional regularity and either ¥{S) is a plane or else c = 3, 
F(5) = 5(1,1,1) and 5 C F(5) (cf. Theorem lOD. 

If F(5) is a plane for a general linear surface section 5 C then F(X) is an n- 

dimensional linear space by Lemma 17.21 

Now, consider the case where c = 3 and there exists a 3-dimensional linear section 
T C P® of X which is a variety of maximal sectional regularity and which has an integral 
hyperplane section 5 C P^ of maximal sectional regularity such that F(5) = 5(1,1,1). 
Then Lemma [773f bl shows that F(T) = 5(0,1,1,1) and T is contained in F(T) as a divisor 
linearly equivalent to H+{d — 3)F, where iL is a hyperplane divisor of 5(0,1,1,1) and F is 
a linear 3-space in 5(0,1,1,1). We first claim that for a general linear subspace P^ C P"'+^, 
the surface XflP^ satisfies the property that F(X flP^) = 5(1,1,1). Indeed, by the same 
argument as in the proof of Lemma f7.3f a). 5 and X fl P^ have the same Euler-Poincare 
characteristic. Thus our claim is verified by Theorem 16.31 Now, observe that depth(T) is 
equal to 2 (cf. [121 Theorem 4.3]) and hence depth(X) = n — 1. In particular, Ix and Is 
require the same number of quadratic generators. Then it follows by Remark 16.41 that Ix 
contains exactly three k-linearly independent quadrics. Let {Qi,Q2,Q3} be a basis for 
/7°(P"'^3 ^Xx( 2)) and consider the closed subset W C P’^+3 (defined as the intersection of 
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the three hyperquadrics Qi, Q 2 and Q 3 . We claim that 

W = S{ ,1,1,1). 

(n—2)—times 

Indeed, for a general linear subspace P® C P’^+3 consider the quadrics Qi^ps := Qi\p 5 
{i = 1,2,3). Since depth(X) = n — 1, we know that {Qpps, Q2,p5, Qs.ps} is a basis for 
hf‘^(P®,Xxnp5(2)). This implies that W fl P^ which is the intersection of the quadrics 
Qi,pS) Q2,ps and Qs^ps is precisely equal to the threefold scroll F(X fl P^). Therefore W 
contains a nondegenerate (n +l)-dimensional irreducible variety W of degree 3. Since W 
is a variety of minimal degree and hence cut out by exactly three quadrics, we conclude 
that W = W. Also since IT n P^ is equal to S'(l, 1,1), it follows that W is as above. 
Finally, note that F(X) C W since W is cut out by quadrics. On the other hand, for a 
general linear subspace P^ C P"+3 we have 

IT n P^ = F(x n P^) c F(X) 

which means that IT C F(X). Therefore IT = F(X). 

(a) See Theorem 15.41 

(b) (i) (ii) : Note that X is contained in F(X) since F(X) is not a linear space. For 
general A G W(X), we have 

Ca = X n A c F(X) n A = ^(1,2) c P^ 

and Proposition [231(b) yields that the divisor X is linearly equivalent to H + {d — 3)F. 
(i) (ii) : Let P^ G G(5, P^+3) be a general member. Then we have 

^ := X n P^ C T n P® = ^(1,1,1) C P^ 

where S is apparently a divisor of S'(l, 1,1) linearly equivalent to Hq + {d — 3 )Fq, where 
Hq is the hyperplane divisor and Fq is a ruling plane of S'(l, 1,1). Therefore S' is a surface 
of maximal sectional regularity and F(S') = S'(l,l,l) (cf. Theorem l6.3f bT. It follows 
that 

TnP^ = ^(1,1,1) C F(X) 

for general P® G G(5,P"+^) and hence Y C F(X). Then we get Y = F(X) from our 
classihcation result of F(X) in the present theorem. □ 
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